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We consider the problem of the propagation of small sinusoidal waves in a liquid
containing vapor bubbles. From an analysis of the dispersion relation, we show the region
of values of the parameters of the two-phase medium, as well as the disturbance frequencies
at which the velocity of propagation of the disturbances is described by Landau's formula
[1]. We show in this study that the equilibrium state of the two-phase bubbling vapor-
and-1liquid medium will be stable only if a certain condition imposed on the volumetric content
and the dimensions of the bubbles is satisfied.

We analyze the influence of the heat exchange between the phases, the surface tension,
the volumetric content and dimensions of the bubbles, and the frequency of the disturbances
on the velocity of propagation and the damping coefficient. The asymptotic formulas obtained
in this study enable us to estimate the velocity and the damping on the basis of simple
analytic expressiomns.

For unstable mixtures, on the basis of our numerical calculations and the analytic for-
mulas obtained, we investigate the influence of various parameters of the bubbling vapor-and-
liquid medium on the coefficient determining how fast the amplitude of the disturbances in-
creases.

It should also be noted that one purpose of the study is to refine the results obtained
in [2], in which the heat exchange was taken into account by means of the effective Nusselt
numbers.

The problem of the propagation of disturbances in a bubbling vapor-—and-liquid medium,
disregarding capillary phenomena, was considered in [3, 4]. The results of the latter study
and the present one, with regard to the propagation of small disturbances, agree within the
region of their common limits of applicability.

1. Fundamental Equations. Suppose that we have a mixture of a liquid with spherical
vapor bubbles. In order to take account of the heat exchange between the phases, we shall
use the heat-conduction equation written within the framework of spherical symmetry within
and around the bubbles, as well as the system of boundary conditions for this equation, taking
account of the phase transitions. Therefore, in addition to the usual macroscopic parameters
introduced in the mechanics of multiphase media [5], we shall introduce microparameters
characterizing the density and temperature distributions within and around the bubbles.

The system of macroscopic equations relating to the conservation of mass, of the number
of bubbles, and of the momentum of the entire mixture for a plane single-velocity one-dimen-—
sional motion in the linear approximation has the form

dv opg v

ap, om - av . Op
o =—1, Ztpungz=1I 5 +mzE=0 pgzm+t =0 (1.1)

(I = 1““?)”0]" p=p0,+0s Pi= Pgah o +ay =1, o,= —l;‘ 3W3n)-

The subscripts i = 1, 2 refer, respectively, to the parameters of the liquid and the vapor;
01 p%, v, .p,n, and @ are, respectively, the disturbances in the density averaged over the
mixture and over the phase, the velocity, the pressure, the number of bubbles per unit mix-
ture volume, and the bubble radius; I and j are the intensities of mass exchange between the
phases, referred to a unit volume of the mixture and to a unit area of the interface between

the phases. The parameters corresponding to the undisturbed state have an additional
subscript 0.
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We write the equations for the distribution of temperatures within and around the
bubbles situated in a macroparticle with coordinate x:

orT" 1 0 LT,
0 1 21 . (1.2)
D1y 7~ = 2 ar(xﬂ or | (>l
aT, 1 9 L 0Ty Ip,
0 2 __ L 2 2] 4 2 .
Oer J7 = R Ty (W ar g r<a@),

where r is the microcoordinate, for which we take the distance from the center of the bubble;
Ti and A; are the temperatures and thermal conductivities of the phases; ci, c2p, and c2V are,

respectively, the specific heat of the liquid and those of the vapor at constant pressure and
at constant volume. Here and hereafter, the primes indicate microparameters. It should be
noted that the heat-conduction equation has been written without taking account of the
compressibility of the liquid.

The equations of state of the phases will be taken in the form

py = Pro + di (o1 —0h), P2 = p} BT, (1.3)
where dy is the velocity of sound in the liquid (the equation of state of the liquid is

written in the acoustic approximation); B is the gas constant.

The equation of pulsating motion, disregarding the crowding of the buBbles, has the form

ow. 2
aT;a + dviwig/ay = (Pz —p+ ‘a%'::)/Pgo, (1.4)

where the wig are the velocities of pulsating motion of the phases on the interface; o is
the coefficient of surface tension; v: is the kinematic viscosity of the liquid.

On the interface between the phases we specify the following boundary conditiomns:

, , aT, T,
Ti=To=To="To(py), Myt —dyrt=Jl, .5

a d R
Pgo (a_t; - wza) = 9(1’0 (0—: —_ w]a) =] (7' == (lo),

where 7 is the specific heat of vaporization; Tg(p.) is the saturation temperature at pressure
Pa-

Furthermore,

aT;/or =0 (r=0). (1.6)

To close the system of boundary conditions for the heat-conduction equation, we must
specify one more condition for Ti. In those cases in which the temperature drops in the
liquid close to the boundary between the phases take place at distances much smaller than
the average distance between bubbles, we can set

Ty=To (r=oo).

This condition means that the liquid far from the bubbles is taken as a thermostat (the
condition of isothermality far from the bubbles).

We consider the case in which the lengths of the temperature waves initiated by the
radial motions of the bubbles are comparable to the average distances between bubbles.
We assume that there is no return flow of heat between masses of liquid associated with
adjacent inclusions (i.e., that all the bubbles for a fixed macroparticle are of equal rank).
This condition, within the framework of spherical symmetry, can be written as

AT, /or =0 (r = ay). (1.7)

As our a, we take the radius of a spherical cell [5], expressed by the formula

ay = a5/0,. (1.8)
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According to the boundary condition adopted above, we assume that the mass of liquid associated
with one bubble is situated in a sphere of radius a, and that on this sphere the heat flux is
equal to zero (the condition of adiabaticity of a cell)

For the values of the parameters on the interface between the phases, we write the
Claperon—Clausius equation

dp, 1
= = 1.9
or Ta (Upga - 1/pga) (Pa Pz) ' ( )

a

In solving the problem it is convenient to use the relation for p. that was obtained
from the equation of heat conduction by assuming homobaricity [5]:

T,
- [P20U’2a — (1= 1) ( H (7 = capleav). (1.10)

2. Solution of the Problem. On the basis of the above system (1.1)-(1.10), we consider

the problem of the propagation of small disturbances. We shall seek the solution in the
form of a damped traveling wave:

D, v, w, a, n~ exp li{(Kx — ot)], T" = T4 (r) exp [i(Kz — ot)], (2.1)
K =k + 8, dy = olk,
K is the wave vector (a complex number, where § and dp are, respectively, the damping coeffi-

cient and the phase velocity of the wave, which are determined by the imaginary and real
parts of the wave vector).

From the condition that a solution of this form exists, we obtain the dispersion
equation

2
K — po (0%l + 3os0/)y b= 3/11 — pyw’al — biplyv,0 — 20/a, (2.2)
@ 3
{4 i, [I,Q (1 — % (1 —9) + 1 (1 — ) (1 +11,Y)]/0a},
YPyg - ity8 (20/3ay) [I1,0% — (1 4 IL,Y)]/way
X =cplo/l, ¥ = (_ imaﬁ/xl)m, Z = (" l(")ao/"z)l,2

AV th[Y(A—1)]—1 I _
Hl = T4Y —th [Y (A — 1)] 4 H2 =ZcthZ 1., 171 }"1/91051’

Ky = Malcapplo, A =1/05e,  pa = P1o + 20/aq,
= Pgo/Pgov To=T(p), Q=3(1—20F—1 n= 3(v — D) x*M/hs.

For the distribution of the temperatures, the pressure in the bubbles, the bubble radius,
and the velocity, we have the relations

_{i — (1 —1/y) [(AY + 1) ¥ B—4) . (AY 1) e Y(E-A] p,
T, * ' R[ AY 4 1) YO L 4y — 1) e YA-A] Py’
=rla, (1 <R < 4),
rg (1 — 1) sh (ZR ] .
—TT=(1—1/V)[W+1 » (R<),
22— — (3y/[1 + i (MQ (1 — ) + n (1 + TLY)oa}]} 2
20
e _ P _ 1 i, [Qﬂgx—n(l—}—ﬂlY)]/maO } ___I_{_:ﬂ
% Py’ b 1]3{ +s 1w, [Hz()(l-—x)—i—‘r](i—}—HlY)]/mag ? o p’

On the basis of (2.2), passing to the limit as w -+ 0, we obtain for the equilibrium
velocity of sound the expression

= [1/d} + 1/d] (1 — oo D/otsgar)| ™ oy,
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Fig. 1
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which is valid if the parameters of the medium satisfy the relation
1/d} + 47d% (1 — a,gD/aya,) = 0. (2.3)

In the case when (2.3) is not satisfied, de = . Since we usually have

x~1, LG Loy %

poo 2p (7"10
it follows that the expressions for dj, and D can be simplified:

a

o

—__Pw Py ( ! )2 Delss w0 (2.4)
(1' - 1/7) 9(1)0 pgocl C2PT0 ’ 3 ﬁ, ?P20 ’

010¢
B=3( 1)—t 42
20 ap

If we set pzo ® Pio, then the expression for d; coincides with the well-known formula
obtained by Landau [1] for the velocity of sound in a vapor-and-liquid medium for low values
of mass vapor content. Thus, the equilibrium velocity of sound in the liquid with vapor
bubbles can be described by Landau's formula only when we can disregard the surface tension
and the compressibility of the liquid.

The velocity value obtained by formula (2.4) is small if the state of the vapor-and-
liquid medium is not close to critical. For a steam~and-water mixture, for example, when
p2o = 10° Pa, we have di, = 1.1 m/sec (D = 0.35°10"% m). Therefore in the expression for the
equilibrium velocity, we can disregard the compressibility of the liquid, and for a fairly
wide range of values of the parameters of the two-phase medium we can set

p :
d, = —af- (1 — aygDiaygag)'’?  (agyae/ayy > D), d, = oo (2tpag/2y < D).

For the above—mentloned Values of dy, and D, when 0z0 % < 10™? (which is characteristic of
bubbling media) and ao s 10" °m, theequlllbrlmmvelocity is infinite.

3. Analysis of the Dispersion Relation. On the basis of the dispersion expression (2.2),
we can analyze the stability of the equilibrium state of the medium with respect to small
sinusoidal disturbances. The relation (2.2) must be regarded as an equation in w for real
values of K. Using the argument principle, as it was used in [6], we can show that this
equation for w has an imaginary root w = w'i (w' > 0), if
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ol gy < D, (3.1)

Since in obtaining (3.1) we are looking for a solution in the form (2.1), the existence
of such a root with a positive imaginary part means that the amplitudes of the disturbances
increase beyond all bound as time increases. Therefore the equilibrium two-phase state is
unstable if the condition (3.1) is satisfied.

We give below the results of the numerical calculation, as well as analytic expressions
for the variation of w', which characterizes the growth of the amplitude of the imposed dis-
turbances as time increases (t' = 1/w' is the time required for the amplitude to increase by
a factor of e), as a function of the wave number K and of the parameters of the medium.

Thus, for the existence of a finite velocity, and also for stability of the equilibrium
state of the bubbling vapor-and-liquid medium, the values of the volumetric content and
radius of the bubbles must satisfy the inequality o0z0do0/ci10 > D.

The parameter D, in general, depends on the bubble radius, since To = Tg(p20), Pzo =
Pio + 20/ao. However, the variation of temperature as the radius varies from 10~% to 10° m,
for most substances, is several degrees. Therefore we may assume that D depends only on the
pressure pio. In Fig. 1 the regions lying above the straight lines correspond to the values
pPio = 10°, 10°, and 107 Pa for a steam-and-water mixture (solid lines) and for a bubbling
vapor—-and-liquid mixture in nitrogen (dashed lines). As can be seen, for identical pressures
Pio the region of values of the parameters 020, @o for which there exists a finite equilibrium
velocity of sound (and the two-phase state is stable) in the case of nitrogen is much broader
than the region for water.

If we want the equilibrium velocity to be described by Landau's formula, the condition
Gz200/010 >> D must be satisfied, i.e., the values of the parameters o0 and ao must lie far
deeper inside the stability region. This can be ensured by passing to higher pressures, and
also by choosing sufficiently large values of 0z0 and do.

It should be noted that if the condition of adiabaticity of a cell is replaced by the
condition of isothermality and we take account of capillary effects, then the equilibrium
velocity will be infinite, and therefore in such a scheme the bubbling vapor-and-liquid mix-
ture will always be unstable.

We shall give an estimate for the frequencies at which velocity values close to the
equilibrium value will be realized. An analysis of the dispersion relation (2.2) shows that
for this, the condition

Zl <1, Y14 -1 <1 (3.2)

must be satisfied. For most media the second condition is stronger, and this means that the
lengths of the temperature waves initiated by the radial motions of bubbles are comparable
with the distances between the bubbles. From (3.2) we have

o2 g ol = /(e — 1), t,=2mlo, (o =x/a}), (3.3)

t, is the characteristic time required for the temperature waves around the bubbles to tra-
verse distances comparable to the distances between bubbles. 1In the case of water, for
example, when g, = 10~ m, G, = 102 , we have w, = 10% sec™?t, t, = 0.05 sec (%, = 1.6-10~7 m?fsec) .

We shall also give the asymptotic expressions for the phase velocity and the damping
coefficient when the condition (3.3) is satisfied. The expression for II can be simplified
if we consider that for most substances, over a wide range of the parameters being varied,
we have the estimates

0<Q0<1,0<y<t, nal, s<t, Ll <t + LY.

Physically the meaning of the last inequality is that when there are phase transitions, the
internal thermal problem becomes unimportant. After simplifying, we find
II = [Y? -+ p(l + 1L,Y)Vypa Y2

As can be seen from the results of investigations on the dynamics of steam bubbles as
well as from estimates and calculations based on the dispersion relation (2.2), viscosity
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effects are usually small, and in what follows, we shall disregard them. It should be noted
that if (3.2) is satisfied, we must necessarily have

0 o 2 . .
Py K 201y,

Then, taking account of the aforementioned simplifications, the dispersion relation will
take the form

2 2[ (A-- 1)3 (5A3 - 64° 4- 34 4- 1)
© d 14 !
—_— = —a ooty — iV Y, M= : .
% % (1 wD/ogay — i dw/0;) 51

Hence, for frequencies satisfying the relation

olop < |1 — agpDlaya /M,
we have

i al OM (,_)2

dp = Z—i‘o- (1—-05100’/0(,_10(10)1"3 1+ 0(@?), 6= —._;dL = “100/“20“0)3 2;? (3.4)
(0t14/ s = D),
4 — 2d, (otml)/oc_z"a0 — 1)1:2 op o @y, © -
- %M o dy, (gD %% — 1)

(019 Czg < D).

According to the second group of formulas in (3.4), as the frequency decreases, the
phase velocity will increase beyond all bounds, while the damping coefficient will tend to
zero, i.e., the low-frequency components of the disturbances will be propagated at higher
velocities when the damping is low, which is also an indication of instability of the medium.

‘Let us consider the range of frequencies satisfying the condition |Y|(A-— 1) »>> 1 for
which the temperature drops will take place at distances much smaller than the average dis-
tance between bubbles; then II, # 1, and the expression for II takes the form

In= [Y2 + 6(1 + Y) ]/'ngng.

Suppose, furthermore, that |Y| >> 1, |Y?| >> g|Y|. The first condition means that the tempera-
ture drops in the liquid takes place in thin layers near the interface between the phases.
The last condition is stronger, and if it is satisfied, i.e., if

0> 0l? = pot?, (3.5)
the dispersion expression will have the form

2

-1
'[%' = 030 {029/d1 + 3plettag [3vpey (1 — B/Y) — plowaf — 20/a,] '} (3.6)
[O)
Then for frequencies much lower than the resonance Mimnaert frequency [6], i.e., when

@ L 0f = 37P2y/Pl0Ter 3.7)

for the phase velocity and the samping coefficient, disregarding capillary effects, we have

dp = [O‘%u/ldi + p?odmazo/wo]_l"’, (3.8)
8 = (1/2) tagBd; (p%0/ po) (001)**  (P1o = P2o = Po)-
If the volumetric content of the bubbles is not very small (%> oy, = YP,/0%d:), then
dp=dr = ('Vpo/p‘l)oa:zoalo)l;z- (3.9

It should be noted that the above approximations for the phase velocity (3.8) and (3.9),
correspond to the condition of zero heat and mass exchange between the phases and coincide
with the expressions for the velocity of sound in the liquid with wvapor bubbles for the case
of adiabatic behavior. When po = 10° Pa and ao = 107® m, the estimates (3.5) and (3.7), for
which formulas (3.8) and (3.9) are valid, yield 107° sec™ < w $ 10” sec™! for water. As the
pressure po increases, and also as we pass to larger bubbles, this range will become broader.
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For a phase velocity and damping coefficient close to the resonancefrequency (w = wo),
also disregarding the(compressibility of the liquid, we obtain

dy = dpl26/(V2—1)112, § = wy/dpl2e(V2—1)]112 (3.10)
(e = Blag/wy)1?).
For a broad range of values of the parameters a@o and po, we usually have ¢ << 1,
The next characteristic frequency beyond the resonance frequency (wo) is the frequency

at which the phase velocity has a maximum (usually an anomalously high one). Analysis of
formula (3.6) shows that the value of this frequency can be determined from

opo =g (1 + &) (§ = qtyp/ttg, ). (3.11)
As the calculations show, in the range wo $ W § woo there is an anomalously high damping of
the disturbances, i.e., this range is a band of opacity. From (3.11) it follows that as the
volumetric content of the bubbles increases, this region will become larger.

For frequencies greater than woo we can write the expression

dp = [00/d] + 3ctygy/ay (0 — 02)] 742, (3.12)
s 3oty d; mﬁ o G)T)l 2

- 2"[/5(;3 (wg-—(oz)zﬁ(

It should be noted that in obtaining the asymptotic formulas (3.8)-(3.12), we assumed
that the characteristic frequencies w,, and wo satisfy the relation w,, << wo, from which it
follows that the bubble radius is subject to the limitation

ay>> ay, = BPxy (plo/Bypo )" (3.13)

For a steam—and-water mixture, when po = 10° Pa, for example, we find that a, = 10~% m.
Consequently, the analytic formulas given above are valid for sufficiently large bubbles
which satisfy the condition (3.13).

Thus, for vapor-and-liquid mixtures with large bubbles (ao >> a*), there are four charac-
teristic frequencies. For frequencies w %% w,, the velocities of propagation of the distur-
bances can be described by formulas which are analogous for bubbling gas-and-liquid media in
the case of "frozen" heat exchange. TFor small frequencies, when the temperature drops be-
tween the phases take place at distances comparable to the distances between bubbles (0 << wy)
and when the values of the parameters do and a,o correspond to the stable state of equilibrium,
the phase velocity is close to the equilibrium velocity. In those cases when we can disregard
the capillary effects, the equilibrium velocity is determined by Landau's formula. It should
also be noted that for bubbling mixtures with ao = 10~%-10"% m, which are usually of the
greatest practical interest, the equilibrium velocity is reached at very low frequencies.

If the values of the parameters do, and G20 in the region of unstable states lie suffi-
ciently close to the boundary of this region, then as the frequency decreases from about the
value w = w,, the phase velocity will increase beyond all bounds. However, if the values of
the parameters- o and o0zo lie sufficiently deep inside the region of instability, then the
phase velocity will begin to grow earlier, at some value w = wg, which is usually much larger
than w,. For an estimate of wg, we consider the dispersion expression in the frequency range

*

O L O K Dy
and in addition, let

pdowal & 20/ay.

Then the dispersion expression, if we disregard the compressibility of the liquid, can be
written in the form

Ko? = 1/dy (Y/IB — 2y), 2y = (2/3)Z/a,

From an analysis of this expression, we find
Qg = (2‘32*)20)%
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The estimate so obtained is in good agreement with the numerical calculations. It should

also be noted that the expression for wg, to within a coefficient of 4, coincides with the
frequency of the resonance caused by the.capillary effects and the phase transitions for a
unit bubble [6].

Figures 2 and 3 show the dispersion curves calculated for a bubbling steam-and-water me-
dium when p;o = 10° Pa and a,o = 10~%. All the necessary thermophysical parameters have been
estimated on the basis of [7]. Curves 1-4 correspond to bubble radii of go = 1072, 10™%,
107°, and 10~° m. For radii of ao = 10~%, 10~* m the mixture is stable, whereas for ao =
107, 107¢ M it is unstable. On the graphs for the phase velocity (see Fig. 2) we have
marked the characteristic frequencies calculated by the formulas given above. It can be
seen that the curves confirm those characteristic features for the phase velocity and the
damping coefficient which were stated earlier on the basis of the asymptotic formulas we had

obtained.

4. Investigation of Unstable States. As already noted above, formula (2.2), regarded as
an equation for determining w for parameters corresponding to the unstable state, has an
imaginary solution with a positive imaginary part (w = w'i, w' > 0). Figure 4 shows the
variation of w' as a function of the wave number K for a bubbling steam-and-water mixture
when pio = 10° Pa. Curves 1 and 2 correspond to ao = 10”2 and 10~ m, the solid curves to
020 = 107%, and the dashed curves to azo = 107°. An analysis of these curves shows that as
the wave number K varies from zero to infinity, the parameter ' will increase from zero to
some maximum value ww. If K is much smaller than some Ko, which depends on the parameters
of the two-phase medium, then for the relation between w' and K, disregarding the compressi-

bility of the liquid, we can write
o = Kd, (oD /oma, — 1)12/0,.

As our estimate for Km, we use the expression

Ko = 0u0yy/dy (gD /onya, — 1)1,

689



If K increases further, beyond the value K,, there will be practically no further increase
in w'. As can be seen from the graphs, a decrease in the volumetric content, and also in
the dimension of the bubbles, for fixed K, will lead to an increase in w', the parameter
determining how fast the amplitude of the disturbances increases.

In our analysis of the stability of the equilibrium, it is most important to determine
the maximum I which in this case is the root of the equation

3P, Y?

T 0 wha® + 4y el — 20/a, =0, Y = (0./or)". (4.1)
Y2+ﬁ(1—l—ﬂlY) + P10Wxly + 2V1P100 0 ( 7)

The solution of this equation, satisfying conditions analogous to (3.2), has the form

Do = (1 — Gayttg/ctsoD) 03/ M.

This solution satisfies the condition for which it is obtained if (1 — aze@o0/aioD) << 1, i.e.,
when the parameters azo and ao lie sufficiently close to the boundary in the region of in-
stability. When pio = 10° Pa, ao = 107° m, and @, = 3°10~%, for example, we have t, = t' =
200 sec (t' = l/mw).

If 020 and ao lie sufficiently deep inside the region of instability, then, setting

plow’ai <<20/as, My = 1, we find from Eq. (4.1) that

21+ (44— )02 Poy

D = 4(1_2*) (Fzz*ﬁ)' (4'2)

For pio = 10° Pa, ao = 10”% and 107 m, respectively, we have t' = 50 and 0.02 sec. Hence

we can see that for sufficiently coarsely dispersed media (2o 3 1073 m), the characteristic
times t', from the practical point of view, are much larger, and in many cases such media

can be regarded as stable. Figure 5 shows the variation of w_as a function of the bubble
radius when pio = 10° Paj curves 1-3 correspond to volumetric concentrations azo = 10", 10~2,
and 10~3, and the dashed curve corresponds to formula (4.2). If the values of the parameters
of the bubbling mixture are not very close to the boundary of instability, and if the bubbles
are not-very small, then the solution of Eq. (4.1) is determined fairly accurately by formula
(4.2). TFor very small bubbles

0y & s = (plodl4/0)" (T = (213) 2P),
and for the root, we have

0o = (20/plyal 2.

Thus, in bubbling vapor-and-liquid media, the effects resulting from the phase transitions
and the capillary phenomena will lead to new theoretical features of the behavior of the
bubbling mixtures. In particular, unlike bubbling gas-and-liquid media, a vaper-and-liquid
bubbling mixture can be unstable. The tendency toward instability increases (i.e., w_ becomes
larger) as we pass to more finely dispersed mixtures and to mixtures with small volumetric
content of the bubbles. Therefore any very finely dispersed bubbling vapor-and-liquid mix-
ture will be strongly unstable and consequently difficult to 'contain.'

In conclusion, the authors wish to thank R. I. Nigmatulin for his useful comments and his
valuable advice.
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